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Abstract 
There are many cases in the engineering practice when it is necessary to know the transient temperature field in a flat plate. At 
that, temperature distribution is studied experimentally or by calculation. However, the obtained calculation results do not always 
provide the required accuracy. This paper obtains the spline-method grade 3 defect 1, which allows simulating the process of the 
thermal conductivity for the infinitely extended plate at nonlinear initial and boundary conditions of the first kind on the plate 
sides. For accurate evaluation of the solution of the heat conduction equation with the help of the spline-method, the standard 
problem is created for a one-dimensional infinite flat plane which has the exact analytical solution. 
This paper shows the use of spline method for the solution of transient heat conduction problem which gives an error of no more 
than 110-5 and thus satisfies obtaining of the sufficient accuracy to solve many practical problems. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
Keywords: Modeling; splines; thermal conductivity; differential equations of parabolic type.  
1. Introduction  
Currently the spline-methods are widely applied in many fields of science with using methods of computer 
modeling. In turn, the numerical experiment is often used in the study and modeling of physical processes in dealing 
with a wide range of technical challenges, since it allows obtaining results of the study, even in a case when the real 
experiment is difficult to conduct. The main criteria of the effectiveness of a computer modeling is accuracy of the 
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solution, and the computational complexity of used numerical method. At that pursuing an objective of increasing 
the number of significant digits in the results of calculations using this method. The accuracy of the numerical 
simulation is characterized by a measure of the deviation of the numerical results obtained from the known exact 
analytical solutions [1]. Heat conduction problem is a system of differential equations, so one of the key purposes of 
numerical analysis is to develop methods to obtain reliable results close to accurate analytical values. 
2. Problem Definition  
To evaluate the capacity of structures, working in conditions of heat, it is necessary to know the temperature field 
in it. The temperature distribution can be studied experimentally, or to be determined by solving the heat equation. 
The experimental method is very laborious and time-consuming, and besides there is not always able to realize it. 
Therefore, in most cases, the temperature field determined by calculation [2]–[6]. At that, it is important to choose 
the appropriate mathematical apparatus: analytical methods, finite-difference method, finite-element method [7]–
[14]. 
In real thermal processes, the temperature on the solid surface is often changed under the influence of various 
factors such as the presence of the heat source in the body, or at the convective heat transfer when the surface 
temperature is dependent on flow regime at variable heat transfer intensity on its surface, etc. In this regard, this 
paper solves the boundary value problem of unsteady heat conduction with specified non-linear initial and boundary 
conditions of the first kind. 
In a case of absence of internal heat sources, the spline-method applied to solve the differential equation of heat 
conduction, and is given by [4]: 
,T Tc
t x x
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  (1) 
where t  – time; x  – position of a point; ( , )T T x t  – the function describing the temperature change by time t  
and space coordinate x ; U  – material density; c  – specific heat; O  – thermal conductivity of the material along 
X - axis. 
In case when material properties are not dependent on temperature and time: 
const, const, constcU O    (2) 
the equation (1) takes the following form: 
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by replacing 
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    (4) 
the equation (3) is reduced to the form 
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   (5) 
This paper estimates the solution accuracy of the equation (5) of using splines of 3rd degree of defect 1 by 
comparing the numerical solution with the exact analytical solution of the test problem. 
1421 V.M. Kudoyarova and V.P. Pavlov /  Procedia Engineering  150 ( 2016 )  1419 – 1426 
3. Main Statements of Spline-method  
Fundamentals of splines method applied to the problems of the deformation of solids are stated in [15], [16]. 
One of the main features of the spline of 3rd degree defect 1 is the continuity of second derivative of spline-
function 3,1( )W x  at all points of the domain that is highly desirable for solving thermal conduction differential 
equation (5) where the second derivative 2 2/T xw w  is present. Therein lies the advantage of splines method in 
comparison to the finite difference method and finite element method, which do not provide the continuity of the 
second derivatives. 
When constructing spline of 3rd degree defect 1 [15] the mesh x'  with xN -nodes is forming in interval [a, b]. 
1 2: ...x Nxa x x x b'         (6) 
On the mesh base, the spline function of 3rd degree defect 1 3,1( )W x  is constructed with 2s xN N   degrees of 
freedom. In the limits of each interval 1[ , ], 1,..., 1i i xx x i N    the spline-function 3,1( )W x  is polynomial of 3rd 
degree. 
3
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According to [15] the parameters determining a spline are accumulated in column vector Q , which consists of 
2s xN N   spline-parameters: 
( , 1, 2,..., 2) ,Tk xQ q k N      (8) 
where 
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The number of components of Q -vector equals to number of degrees of spline freedom. For solutions of heat 
conduction equation (5) required the nodal values of the spline-function 3,1 ( )xW  and its second derivatives in the 
nodes of the selected mesh' : 
2
3,1
3,1 2
( )
( ), , 1,..., .iIIi i i x
d W x
f W x f i N
dx
      (10) 
Then form them as column vectors: 
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The vectors of nodal values of spline-function 3,1 ( )W x  and its second derivatives are determined by matrix 
representations with accordance to [15]: 
2 2
Q,
Q,
f f
d f d f
V M
V M
 ­°
®  °¯
   (12) 
where 2,f d fM M  - rectangular matrixes ( 2)N Nu  , which formed on a base of coordinates , 1,...,n xx n N by 
methodology, given in [15]. 
4. Test Problem of Heat Conductivity  
Accuracy evaluation of the proposed spline-method is performed for solving of the test problem, which has the 
exact solution. At that, the flat plate with infinite length and thickness H (with coordinates 0x  and x H at 
edges) is considered. 
Private exact solution of the equation (5) is sought in the form of: 
2 2
( cos sin )a tT e A x B xP P P     (13) 
where , ,A BP  – some constant values: 
const, const, constA BP       (14) 
Let us derive the derivative to check the suitability of the expression (13) as an exact solution of the differential 
equation (5): 
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Substituting (15) into (5) we obtain the identity, which testifies to the validity of the adoption of the expression 
(13) as a particular solution of the differential equation (5).  
To specify the problem assume that the plate is made of polypropylene with the following thermal properties 
[17]: density 3 30,9 10 kg/mU   , heat conductivity 0,128 W/(m K)O   , specific heat 31,93 10 J/(kg K)c    . 
On the base of (4) 2a  is calculated for a certain quantity of material given characteristics: 
2 8 2
3 3
0,128 7,37 10 ɦ /s.
0,9 10 1,93 10
a   
  
   (16) 
Coefficient ʅis determined by following equation 
50 .P S    (17) 
For the chosen coefficients at 0 0x   and 0,01 mNx H   the nonlinear boundary conditions are given as 
based on (13): 
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Then, the equation of the initial conditions for the initial time 0t   is determined from (13): 
(0) cos50 sin 50 .T A x B xS S     (19) 
After setting 500A  , 100B   and the final time of calculations 1000 ckt  , this paper constructs the charts 
(fig. 1, a) of the exact functions of temperature change inside the wall thickness for calculated points of time 
0, 200, 400, 600, 800, 1000 ct  . The chart of temperature changes at the initial time determines the initial 
conditions of the problem being solved.  
In fig.1, b is a graph of temperature change on the wall boundaries that define the boundary conditions of the 
problem. 
 
Fig. 1. (a) temperature distribution inside the wall thickness; (b) temperature change on the wall surfaces over time. 
5. Discrete Analog of Heat Conduction Equation for Spline-method  
Traditionally, for the solution of unsteady heat conduction problem the calculation method "step-by-step" is 
applied, which is formed by a rectangular matrix of calculated temperatures T  in size x tN Mu : 
( )( , 1,..., , 1,..., ) ,mn x tT T n N m M      (20) 
where xN  – number of nodes along X -axis; tM  – number of nodes along time axis t . 
In the first step, the temperatures (1) , 1,...,n xT n N  are determined by equation of initial conditions (19). In the 
second and following steps ( 2,..., tm M ) the discrete analog is built for differential equation (5) for determined 
temperatures ( 1) , 1,...,mn xT n N
   on the previous step by this time. 
The first derivatives /T tw w  at the nodes nx  are replaced by their difference analogues for the formation of 
discrete analog of the heat conduction equation (5): 
( ) ( 1)( )
, 1,..., .
m m
n n n
x
t
T x T T
n N
t '
w 
#  
w
   (21) 
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Forming the vectors of unknown up to now temperatures 
( ) , 1,...,mn xT n N  and of determined temperatures 
( 1) , 1,...,mn xT n N
   on previous 1m -  step: 
( )
( 1) ( 1)
( , 1,..., ),
( , 1,..., ).
m
T n x
m m
T n x
V T n N
V T n N 
­   °
®   °¯
   (22) 
On a base of (12) the vector TV  is determined by matrix equation: 
.T fV M Q    (23) 
The vector 2TVw  is formed of the second derivatives of temperature function ( , )T T x t  for x-coordinate in nx  
nodes ( , 1,...,n xx n N ) for time mt : 
2
2 2
( , )
( , 1,..., ).n mT x
x t
V n N
xw
w
  
w
   (24) 
On a base of (12) the vector 2TVw  is determined by matrix equation: 
2 2 .T d fV M Qw     (25) 
Taking into account (21), (22), (23), (24) and (25) the difference analog of the heat conduction equation (5) takes 
the following form: 
2 ( 1)
2
1 1 .mf d f T
t t
M Q a M Q V
' '
     (26) 
The system (26) of xN -equations with 2xN   unknowns. Supplement it with two equations that take into 
account the boundary conditions: 
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   (27) 
In that way the solution of set of 2xN   equations (26) and (27) with 2xN   unknowns gives the temperature 
values for the m - time layer. Then the similar calculations are performed for the next time mt . 
6. Results and Discussion  
As a result of numerical calculations by using the proposed spline-method the temperatures ( )mnT  in nodes 
, 1,...,n xx n N of mesh x'  for all rated time moments , 1,...,m tt m M  are determined and reduced to a matrix 
structure T  which is given in (20). In these nodes nx  for the same time moments mt  the exact values of temperature 
( )m
nT  are calculated by the formula (20), which are accumulated in a matrix TT : 
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( )( , 1,..., , 1,..., ).mT n x tT n N m M   T    (28) 
To quantify precisely of implemented spline-method the method consisting of a series of steps is performed. 
Step 1. The maximum value of the absolute values of all the components of the matrix that contains the exact 
temperature values TT  is determined: 
( )
1,..., ; 1,...,
max | | .M mT n
m M n Nt x
T T
  
    (29) 
Step 2. Determine the matrix ǻ  of absolute differences between the exact ( )mnT  and calculated 
( )m
nT  values of 
temperatures at all nodes of the mesh x'  and for all times: 
TT T' =    (30) 
where the matrix ǻ  have the structure: 
( ) ( ) ( )( | |, 1,..., , 1,..., ).m m mn n n x tT T n N m M'ǻ        (31) 
Step 3. Determine the logarithm of the maximum value of all values of the relative error: 
( )
10 1,..., ; 1,...,
lg | | log max | | .
m
nT
M Mm M n Nt xT T
T T
T T
'
  
§ ·
 ¨ ¸
© ¹
   (32) 
The values of lg | |T
M
T
T T
T
  calculated for different combinations of xN  and tM , the results of calculations 
presented as points in fig. 2. 
7. Conclusion  
This paper proposes the spline-method to determine the temperature fields. It is shown that this method yields the 
best order of convergence for the number of nodes tM  along the time axis, that is almost equals to one, regardless 
of the number xN  nodes along the X  axis. Therefore, if a setting goal is to increase the order of convergence by 
the mesh step along the time axis, it is necessary to find for the temperature derivative with respect to time /T tw w  
the difference analogue better than formula (21) used by us. In addition, the resulting numerical solution can be 
refined by applying the Romberg's method [18], [19] with re-extrapolation for a given number of time steps for 
different spatial mesh [20]. 
Analysis of the calculation results shown in fig. 2, leads to the following conclusions: 
1. Regardless of the number of nodes xN  along the X -axis, the best order of convergence by the number of 
nodes tM  along the time axis is almost equal to one. Thus, if we set the target of increasing convergence of the 
mesh step along the time axis, then it is necessary to find higher-end of the difference analogue for the temperature 
derivative with respect to time /T tw w  than formula (21) used by us. 
2. Fig. 2 shows, that using the spline-function 3rd degree defect 1, even at number of nodes 11xN   allows 
achieving the accuracy of calculations with a relative error not exceeding than 110-3, and at 501xN   the 
calculations with accuracy no more than 110-5, that is quite enough to solve many practical problems. 
Thus, the high efficiency of using this spline-method for solving the considered specific problem allows 
predicting its high efficiency in solving other problems of heat conduction. 
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Fig. 2. Change of the logarithm of the relative error for the temperature, depending on the number of nodes xN  and tM . 
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